Abstract: Reindeer in the arctic region live under very harsh conditions and may face temperatures below 233 K. Therefore, efficient conservation of body heat and water is important for their survival. Alongside their insulating fur, the reindeer nasal mechanism for heat and mass exchange during respiration plays a fundamental role. We present a dynamic model to describe the heat and mass transport that takes place inside the reindeer nose, where we account for the complicated geometrical structure of the subsystems that are part of the nose. The model correctly captures the trend in experimental data for the temperature, heat and water recovery in the reindeer nose during respiration. As a reference case, we model a nose with a simple cylindrical-like geometry, where the total volume and contact area are the same as those determined in the reindeer nose. A comparison of the reindeer nose with the reference case shows that the nose geometry has a large influence on the velocity, temperature and water content of the air inside the nose. For all investigated cases, we find that the total entropy production during a breathing cycle is lower for the reindeer nose than for the reference case. The same trend is observed for the total energy consumption. The reduction in the total entropy production caused by the complicated geometry is higher (up to -20 %) at more extreme ambient conditions, when energy efficiency is presumably more important for the maintenance of energy balance in the animal. In the literature, a hypothesis has been proposed, which states that the most energy-efficient design of a system is characterized by equipartition of the entropy production. In agreement with this hypothesis, we find that the local entropy production during a breathing cycle is significantly more uniform for the reindeer nose than for the reference case. This suggests that natural selection has favored designs that give uniform entropy production when energy efficiency is an issue. Animals living in the harsh arctic climate, such as the reindeer, can therefore serve as inspiration for a novel industrial design with increased efficiency.
Introduction
Reindeer (Rangifer tarandus) have a distribution that extends into the arctic and may, hence, experience harsh climatic conditions. In the winter, they might face temperatures below 233 K, which is very energetically demanding for the animal [1] , and which is further aggravated by the fact that water is available only in the form of snow. Under these conditions, reindeer need to minimize heat and water losses. During the arctic winter, they are protected against cold by fur with outstanding insulating properties [2, 3] . Alongside this protection, they possess efficient thermoregulatory mechanisms that help them minimize heat loss to the surroundings [4] [5] [6] . In this context, the reindeer nasal heat and mass exchange mechanisms play an important role in minimizing body heat and water which are lost upon respiration [6] . Heat and moisture that are added to the ambient air from the mucosal linings of the nasal cavity during inhalation are partially recovered upon exhalation, when the warm and moist air from the lungs meets the cooler mucosal linings on its way out of the animal. Thus, the saving mode is based on the recovery of heat from the exhaled air and on the subsequent condensation of water. Previous studies have shown how the heat and water recovery capacity in animals is generally higher than in humans [6, 7] . In particular, reindeer have evolved very complex anatomical structures in the nasal cavity (see Figure 1 ), called nasal turbinates [8] [9] [10] [11] , which enable them to recover large amounts of the heat and water from the exhaled air stream by giving it off to the mucosa lining that has been cooled down upon inhalation [6] . Given the complexity of the nasal structure, it is natural to ask about which role the complicated nose geometry plays in recovering heat and water during respiration.
Two cross sections of the reindeer nose are shown in Figure 1 , where scroll-type turbinate structures are sectioned perpendicularly to the axis of the nose. The mucosal lining of walls and turbinates of the nasal cavity is covered by a thin layer of mucus that keeps the lining wet. During respiration, water and heat are exchanged across this layer. The convolutions are less complex toward the nostrils (Figure 1(a) ) than in the more proximal section (Figure 1(b) ). Thus, there is an increase in convolution complexity toward the middle of the turbinate scroll.
The hypothesis to be investigated in this work can be formulated as follows: is the nose geometry leading to a gradient in air-flow velocities and contact-area profiles inside the nose which are beneficial for the animal in a thermodynamic sense? Does this structure lead to more efficient heat and water recovery than a simple nose structure? In order to answer these questions, we will examine a model that mimics the real structure of the reindeer nose ( Figure 1 ) and compare it to a reference case, where we model a nose with uniform geometrical properties but with the same total contact areas and volume as the reindeer nose. We shall address the questions by using non-equilibrium thermodynamics, and we discuss the issue of optimal design from an evolutionary perspective. With non-equilibrium thermodynamics, we can objectively assess whether the complicated geometry of the reindeer nose is advantageous with respect to the thermodynamic efficiency. The overall idea is that further knowledge on natural systems can inspire the engineering of, for instance, new and more efficient heat and water exchangers. This is of relevance for the treatment of the exhausted air from ventilation systems of buildings. Similar ideas have already led to the proposal of a new improved fuel cell design [12, 13] .
It is known from thermodynamic optimization studies of industrial equipment [14] [15] [16] that processes with high-energy efficiency are characterized by a uniform distribution of the local entropy production. In agreement with these, we will show that the geometry of the reindeer nose gives a significantly reduced total entropy production as well as a more uniform local entropy production than the reference case. Moreover, the relative improvement in energy efficiency due to the complicated geometry of the reindeer nose is larger at lower ambient temperatures, when the energy efficiency of the animal is more important. This shows that the nose geometry is likely of evolutionary advantage to the animal for surviving in the harsh arctic climate and that the geometry is particularly advantageous at very low ambient temperatures.
Several models are available in literature to describe heat and water exchange in the human nasal cavity, and we refer to Ref. [17] . for an accurate review. In most of these works, the air temperature and humidity were the only parameters that were modeled, and the boundary conditions at the air-wall interface for temperature and water vapor concentration were assumed to be constant [18] [19] [20] . This is a reasonable assumption for humans at ambient temperature around 293 K, but not for reindeer, where the inhaled air can reach temperatures of 233 K or less. Attempts to model the respiratory heat and water transfer in animals have dealt with the steady state only (e. g. Ref. [21] ). This work presents the first model that properly includes all relevant subsystems that concur to the dynamic energy and mass balances in the nose.
The system
The nose of a reindeer is a very complex system ( Figure 1 ). The nasal cavities contain double scroll-like structures composed of cartilage covered by a thin, richly vascularized mucosal lining which also covers the walls of the cavity [10, 11, 22] . Outermost, a thin layer of mucus keeps the lining wet. The mucosal blood vessels form an intricate network of frequently anastomosing veins and arteries that run in the longitudinal direction of the nasal cavities [10, 22] . In order to model the nose, we need to simplify the nature of the system. The model we consider is composed of five interconnected subsystems as depicted in Figure 2 , which exchange mass and heat: -The nasal cavity is filled with air that runs from the ambient (distal extremity of the nose) to the lungs (proximal extremity) during inhalation and in the opposite direction during exhalation. The air is considered to be a mixture of gases with a variable percentage of humidity. State variables are crosssection averaged. The air flow in and out of the nose is caused by variation in pulmonary pressure due to the expansion and contraction of the thoracic cavity. However, since the maximum difference between the ambient pressure and the pulmonary pressure is typically lower than 300 Pa (0.3 % of the ambient pressure) during quiet breathing, we will assume that the total average pressure is constant along the nasal cavity and equal to the ambient pressure. As a further simplification, we assume that the dry air has constant molar composition (79 % nitrogen and 21 % oxygen), neglecting the variation in the content of oxygen and carbon dioxide during the different phases of the breathing cycle, as well as the presence of small amounts of other gases. During inhalation, the air enters the distal extremity of the nose at ambient conditions of temperature and humidity. During exhalation, we assume that saturated air at the reindeer deep body temperature leaves the lungs and enters the proximal extremity of the nose. -The mucus layer provides water for humidification of the air, preventing the tissues underneath from dehydration. During inhalation, cold and relatively dry ambient air enters the nose. The inhaled air is warmed up and humidified by the mucus layer, as it flows through the nasal cavity. During exhalation, the saturated warm air coming from the lungs undergoes the opposite process. Not all the water is recovered during exhalation, and the lost water is replaced by mucus-generating tissues (serous glands). -The interstitial tissues act as a capacity for storage of energy and delay the heat exchange process. The interstitial tissues are abundantly irrigated by blood, and their density is assumed to be constant. -Arteries and veins run through the interstitial tissues. The pressure and the density of the blood inside them are considered constant. In general, the blood flow can be regulated for thermoregulatory purposes. However, under a specific thermal condition, the flow can be assumed to be constant in time and space. Therefore, the velocity of the blood in arteries and veins varies depending on the vessel cross sections only. In general, veins and arteries have the ability to contract and distend to regulate blood flow; therefore, their cross section can vary in time. However, since we have no information about this dependency, we will consider all the geometrical variables (cross-sectional areas and perimeters) to be functions of the spatial coordinates only. According to Casado Barroso [10] , the total cross section of venous vessels is six to ten times larger than the one of arteries.
Investigated cases
We have analyzed and compared the mass and heat exchanged in two systems with different geometries: System A -reindeer nose model: Cross-sectional perimeters and areas of the subsystems are taken from anatomical studies [10] , where the geometry of a reindeer nose has accurately been determined. The geometry of all subsystems varies along the z-coordinate. We report the geometry of the nasal cavity in Figure 3 as an example. The thick lines represent the variation of the cross-sectional perimeter (solid line) Figure 3 : Cross-sectional perimeter (solid line) and area (dashed line) of the nasal cavity, from the distal to proximal extremity of the nose. The thick lines are derived from data in Ref. [10] and used in System A; the thin lines represent the averaged cross-sectional perimeter and area used in System B.
and of the cross-sectional area (dashed line) of the nasal cavity, from the distal extremity of the nose to the proximal one. Similar geometrical parameters are used also for the other subsystems.
System B -cylindrical-like heat and mass exchanger: Cross-sectional perimeters and areas of the subsystems are constant along the z-coordinate. In order to make System B comparable with System A, the averaged cross-sectional areas and perimeters are such that the total volume and the total contact area of the subsystems are the same in the two cases. The thin lines in Figure 3 represent the constant crosssectional perimeter (solid line) and the constant cross-sectional area (dashed line) of the nasal cavity for System B.
Theoretical formulation
In Sections 3.1 and 3.2, we state the mass and energy balances used to describe the evolution of the thermodynamic properties in every subsystem as a function of time and space. Section 3.3 deals with transport across the surface between two neighboring systems (x-direction). We address the description of transport using the framework of non-equilibrium thermodynamics. Section 3.4 deals with the calculation of the heat and water recovery, while Section 3.5 describes the calculation of the entropy production.
Mass balances
As mentioned in Section 2, we use a particular form of the mass and energy balance [23] , where the thermodynamic properties are integral averaged over the cross section of each system. Humid air flows in the nasal cavity, and the content of water varies in time and space. Therefore, two mass balances are needed to describe this subsystem. We use the subscripts a, dry and w, a to refer to the thermodynamic variables of the humid air, of the dry air and of water content in the air respectively. For simplicity, we establish a mass balance for the dry air and one for the water content in the air:
where t is the time coordinate, ρ indicates the density, F represents the mass flow rate, and A and γ are the area and perimeter of the cross section of the considered subsystem, at the z-position. Finally, J w is the mass flux of condensing or evaporating water, which is exchanged between the air stream and the mucus layer. An expression for it is presented in Section 3.3. A water flux is continuously present between the mucus layer and the air stream. The mucus layer is also fed by mucus generating tissues, which provide the water that is not recovered during exhalation. This, together with the fact that the amount of water that is evaporated and condensed over the breathing cycle is small in comparison to the amount of mucus, leads us to the assumption of constant mucus layer thickness, d m . Moreover, since the mucus layer thickness is very small in comparison to the perimeter of the system, we assume that the perimeter of the interface with the air stream, γ a , and the perimeter of the interface with the interstitial tissue, γ m , are equal to each other, and that A m = γ a d m = γ m d m . We use the subscript m to denote the thermodynamic variables of the mucus layer. With the above assumptions, the mass balance for the mucus layer becomes
where J m is the mucus flux that is produced by the mucus-generating tissues. The density of the mucus is assumed to be constant. Because of the assumptions made, eq. (3) equals 0.
The subscript it is used to describe the thermodynamic variables of the interstitial tissues. In the interstitial tissues, no mass transport takes place. Therefore, the mass balance reduces to
Since the interstitial tissues are strongly irrigated by blood, we assume ρ it to be equal to the density of the blood, ρ b , and constant. We use the subscripts art and ven to refer to the thermodynamic variables of the arterial and vein systems, respectively. Since we consider the vascular system to be impermeable, no mass flux is exchanged between arteries, veins and the interstitial tissues:
The blood flow enters the system via the arterial vessels at the proximal extremity of the nose and flows through the system along the z-direction. At the distal extremity of the nose, arteries communicate with veins. From there, the blood crosses the nose again into the vein vessels, which run in a countercurrent fashion with respect to the arterial system, to exit the system at the proximal extremity of the nose [22] . Thus, the flow of blood in arteries and veins is the same but with opposite direction, F art = − F ven . Since we consider the blood density to be constant, eqs. (5) and (6) are equal to 0.
Energy balances
We use the area averaged form of the balance equations also for the energy [23] :
where T is the temperature, c p is the specific heat capacity, h is the mass enthalpy, and w i is the mass fraction of the component i in air. The mass density of the humid air equals the sum of the densities of the dry air and of the water content in the air (ρ a = ρ dry + ρ w, a ). A similar relation applies to the air mass flow (F a = F dry + F w, a ). The dry air is assumed to contain just oxygen and nitrogen, in fixed proportion. The heat capacity of the interstitial tissues is assumed to be equal to that of blood. Here, J′ q, a − m , J′ q, m − it , J′ q, it − art and J′ q, it − ven are the measurable heat fluxes that are exchanged between air and mucus layer, mucus layer and interstitial tissues, interstitial tissues and arteries, and interstitial tissues and veins. Section 3.3 presents an expression for them.
Transport across the subsystems' interfaces
In order to describe the transport between two neighboring subsystems i and j, it is necessary to consider both the contribution to the heat and mass transport coefficients due to the interface, R interf i − j , and the contribution associated with convection, R conv i and R conv j (for subsystems where mass flow is present).
These coefficients can be combined as resistances in series, in analogy with electrical circuits, to obtain an overall transport coefficient:
At the interface between the humid air and the mucus layer, both heat and mass are exchanged. The coupling between heat and mass transport has been found to be important at a liquid vapor interface [15, 24, 25] . The use of non-equilibrium thermodynamics allows one to take this coupling consistently into account. The heat and mass transport between the humid air and the mucus layer can be described by the equations:
where μ indicates the chemical potential. Here, R ii, a − m and R ij, a − m are respectively the main and coupling transport coefficients between the two subsystems, where i, j 2 fq, μg. Since we neglect the convection contribution to the coupling coefficients, we find that R ij, a − m = R interf ij, a − m . The Onsager reciprocal relation relates the coupling transport coefficients, R interf ij, a − m = R interf ji, a − m , reducing the number of independent coefficients to 3 [26, 27] . According to non-equilibrium thermodynamics, the transport coefficients of a planar surface in a single-component fluid are functions of the surface temperature only [15] . For water at temperature below 560 K, it has been found that the temperature of the surface equals a good accuracy the temperature of the liquid phase, and the interface transport coefficients of water have been tabulated in Ref. [28] .
The convective contribution to heat transport depends on the characteristics of the flow of the fluid, and it can be calculated from the convective heat transport coefficient of the system, h:
The convective transport coefficient can be calculated from the Nusselt number:
where D = 4γ=A is the hydraulic diameter of a cross section, and λ is the thermal conductivity. Empiric relations exist for the determination of the Nusselt number according to the characteristics of the flow. The literature about air-flow conditions in human nasal cavity has divided opinions on the laminar or turbulent nature of the air flow [29] . Due to the much higher complexity of the the reindeer nose structure in comparison to the human one, we assume the air flow to be in the turbulent regime. The Nusselt number in turbulent flow is related to the friction factor through the Chilton-Colburn analogy [30] :
where f is the friction factor, Re is the Reynolds number, and Pr is the Prandtl number. An expression for the friction coefficient in the human nasal cavity for similar respiratory minute volumes (V min ) is available [31] :
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The convective contribution to mass transport can be calculated from the convective mass transport coefficient, k c :
The convective mass transport coefficient can be calculated from the Sherwood number:
where D w, a is the mass diffusivity of water in air. The Sherwood number in the turbulent regime inside pipes can be calculated as
where Sc is the Schmidt number.
Only heat is exchanged between the other subsystems:
where
is the thermal transport coefficient between the i and j neighboring subsystems. Since no information about the resistance to heat transport of these surfaces is available, we can estimate R interf q, i − j by multiplying the heat transport coefficient in the rate determining phase next to the interface (either R q, i or R q, j ) with the interface thickness. The heat transport coefficients for every subsystem are related to the thermal conductivity of the subsystems, λ i , by Fourier's law:
As interface thickness, we assume the tissue thickness relevant for the case (⁓0.01 mm). Since it is known that the surface has higher resistivity to transport than an homogeneous phase, we increase the value of the so-calculated interface transport coefficients by a factor of 10. The convective contribution to the heat transport coefficient, R conv q, i , is non-zero only in the arterial and venous subsystems, where there is convective blood flow. Due to its characteristics, the blood flow is considered to be laminar. Under this assumption, the Nusselt number is constant [30] : Nu = 3.66 (24) 
Heat and water recovery
As mentioned, heat and water are added to the air in the nasal cavity during inhalation and are subtracted from it during exhalation. In order to be able to compare the results of our calculations with those available in the work by Blix and Johnsen [6] , we calculate these quantities with the same procedure as they used. The water that is added to the air stream upon inhalation, M w, added , is calculated as the difference between the total amount of water that leaves the lungs during exhalation in the air stream and the total amount of water that enters the nostril during inhalation:
where L is the length of the nose, and z = 0 and z = L refer respectively to the distal and the proximal extremity of the nose. Here, ex indicates the exhaling part of the breathing cycle (τ breath =2 ≤ t ≤ τ breath , where τ breath is the length of the breathing cycle), and in indicates the inhaling part (0 ≤ t ≤ τ breath =2). The water that is recovered during exhalation, M w, recov , is the difference between the total amount of water that leaves the lungs during exhalation, and the total amount of water that leaves the nostril during exhalation:
The recovery of water is given by the ratio between the water recovery upon exhalation and the water added upon inhalation.
The same procedure as in Ref. [6] is also used to calculate the heat added upon inhalation, Q added . This quantity is calculated as the sum of the heat that is necessary to warm up the inhaled air to the body temperature and the heat that is necessary to evaporate the water that is added during inhalation: (27) where h lat is the latent heat of vaporization or condensation of water, and its value is taken from Ref. [6] . The subscripts amb and body refer respectively to the thermodynamic variables describing the ambient air and the reindeer deep body conditions. The heat that is recovered during exhalation, Q recov , is given by the sum of the sensible heat that is subtracted from the air during exhalation and the latent heat that is released by the condensing water:
The recovery of heat can finally be defined as the ratio between the heat recovered upon exhalation and the heat added during inhalation. A more comprehensive energy balance over all nasal subsystems can be used to determine how much of the reindeer energy is used during a breathing cycle, E body :
Entropy production
According to non-equilibrium thermodynamics, the entropy production of a system, σ, is defined as the product sum of the conjugate fluxes, J i , and forces, X i , in the system [15] . For a cross section:
The mass and heat fluxes have been defined in Section 3.3 (eqs. (13), (14) and (22)) and the corresponding conjugate forces are represented by the terms on the left-hand side of the same equations. The integration of eq. (30) over the length of the nose and over the breathing cycle gives the total entropy produced in the nose during a breathing cycle, AE irr .
Solution procedure
With the given assumptions, all the mass balance equations equal 0, except the mass balances of the air (eqs. (1) and (2)). The energy balances provide a set of five partial differential equations (eqs. (7)- (11)), which together with (eqs. (1) and (2)) give a total of seven partial differential equations. We transform the system of partial differential equations into a set of ordinary differential equations by discretizing in the spatial dimension. Further, we consider N p discretization points in the z-dimension, and in each of these we approximate the first-order spatial derivatives by using a finite difference method (MatLab routines "dss020"). Thus, every partial differential equation is transformed into a set of N p ordinary differential equations in time. In order to account for the boundary conditions, we replace the corresponding differential equations with the algebraic equations given by the boundary conditions (Section 4.1). Thus, we obtain a final set of ordinary differential and algebraic equations that we can solve with the solver "ode15s", in combination with a mass matrix. The problem is inherently dynamic, meaning that the thermodynamic variables vary with time. However, in computations, after a sufficient amount of time, we should reach a pseudo-steady state, where the thermodynamic variables have the same values at corresponding times of consecutive breathing cycles. With a stable formulation of the problem, the results should not depend on the set of initial conditions that we choose. In practice, we stop the calculations when the difference between the temperatures at corresponding times of two consecutive breathing cycles is smaller than 0.01 K. In calculations, this condition is reached after about 400 breathing cycles.
Boundary conditions
Since we have first-order spatial derivatives of the temperatures and of the humid air water content, a set of seven appropriate boundary conditions is needed. A complete breathing cycle is composed of an inhalation part and of an exhalation part. The boundary conditions are different in different moments of the breathing cycle. During inhalation, the air that enters the distal extremity of the nose is at ambient conditions; therefore, its temperature, T a , and water content, ρ w, a , equal the corresponding ambient values, T amb and ρ w, a, amb . Moreover, we assume that the arterial blood temperature T art , the mucus temperature T m and the interstitial tissue temperature T it at the base of the nose are equal to the deep body temperature of the reindeer, T body . In addition, since at the distal extremity of the nose, arteries communicate directly with the veins, we assume that the temperature of the arterial blood equals the temperature of the vein blood at the distal extremity. The first six boundary conditions for inhalation are: ρ w, a ðz = 0Þ = ρ w, a, amb
T a ðz = 0Þ = T amb (32) T m ðz = LÞ = T body (33) T it ðz = LÞ = T body (34)
T ven ðz = 0Þ = T art ðz = 0Þ
During exhalation, we assume that the air that enters the proximal extremity of the nose coming from the lungs is saturated air at deep body temperature. Therefore, during exhalation, the boundary conditions given by eqs. (31) and (32) are substituted by:
T a ðz = LÞ = T body (38) The last boundary condition involves the dry air flow at the distal extremity of the nose, which is set to be a known function of time. Experimental data on the dry air flow are necessary to determine this function. We use the value of the respiratory minute volume, V min , from Ref. [6] and assume that the air flow is a sinusoidal function of time similar to previous work [32] . A resting phase between inhalation and exhalation is not considered, and the dry air flow at the distal extremity of the nose is described as:
where F dry, max is the maximum value of the dry air flow during the breathing cycle. We calculate F dry, max from the value of respiratory minute volume.
Relevant data
In order to perform calculations, we must rely on experimental data. Table 1 summarizes some of the relevant data for calculations. The heat capacity, the density and the thermal conductivity of the blood are assumed to be constant. We also assume that the same values can be used to describe the interstitial tissues, and that the mucus can be described by the properties of water. No experimental data are available on blood flow in the reindeer nose. However, data exist on carotid artery blood flow to the head (~4.8 g/s [33] ). We assume that the fraction of carotid artery blood flow that goes to the nose is of a magnitude that gives a blood velocity in the nasal vessels that is within the typical range of blood velocities in small vessels (i. e. in the order of 1-10 mm/s [34] ). The geometry of the reindeer nose has been accurately determined by the anatomical study in Ref. [10] , to which we refer for the geometrical data of every subsystem.
The large variation in the geometry of the nasal cavity is illustrated in Figure 3 . Similar data are available for the other subsystems. The example animal was a sub-adult female (body mass~54 kg), thus being somewhat smaller than the average adult animal.
Results and discussion

Air-flow velocity
A direct consequence of the large variation in the cross-sectional area of the nasal cavity of the reindeer is that the velocity profile of the air varies accordingly. Figure 4 depicts the air-velocity profile during Table 1 : Data relevant for calculations. Here, ' amb is the relative humidity of the ambient air, p a is the ambient pressure, f a = 1=τ breath is the respiration frequency, and M reindeer is the mass of the reindeer. The ambient air relative humidity is used to calculate the density of water in the ambient air, ρ w, a, amb .
Value Unit
inhalation, when the air flow is maximum t = Figure 3 shows the strong correlation between the velocity of the air and the cross-sectional area of the nasal cavity. Indeed, the air slows down where the cross-sectional area is larger, while it accelerates where the area of the cross section is smaller. Since the cross section of the air cavity is constant in System B, the variation of the air velocity occurs only due to the change in the air density (dashed line in Figure 4 ). The increase in the air velocity takes place due to the warming of the air flow, as it proceeds in the nasal cavity, from the distal to the proximal extremity. Similar considerations apply to the velocity of the blood in arteries and veins (results are not reported). Since the blood density has been assumed to be constant, the blood velocity is constant throughout the system for System B.
Temperature
Since the transfer processes in the reindeer nose during respiration are dynamic, we can either investigate the instantaneous temperature of a subsystem or define an average temperature over the breathing cycle. Figure 5 depicts the instantaneous temperature profiles in the five subsystems at four different times of the breathing cycle. Figure 5(a) shows the temperature profiles when the breathing cycle begins (t = 0). At this instant, the air flow is 0, and inhalation is about to start. The air in the nasal cavity at this time (black lines) is almost at thermal equilibrium with the mucus layer that covers the cavity walls (cyan lines). Figure 5(b) shows the temperatures at t = 1 4 τ breath , when the inhaled air flow is at its maximum. Since cold air is inhaled from the ambient, its temperature along the nose is lower than that of the mucus layer, and heat is transferred from the mucus to the air. From this moment on, the velocity of the air decreases to become 0 at t = 1 2 τ breath ( Figure 5(c) ), when exhalation begins. Similarly to the temperature at t = 0, the temperatures of the air and the mucus are then almost the same. . Here, the air flow is negative, and the air flows from right to left. Since the air comes from the lungs, the air temperature is higher than the temperature of the mucus, and heat is transferred from the air to the wet walls of the nose. The solid lines depict the results obtained for System A, while the dashed lines show the results for System B.
The temperature of the air at the distal extremity of the nose (z = 0) during inhalation is equal to the ambient temperature. However, during exhalation, the air temperature at this location is higher than the one of the ambient, meaning that not all the heat that was provided to the air stream upon inhalation is recovered. Except for the air, the mucus layer is the subsystem which has the largest variation in temperature during a breathing cycle. This is mainly due to condensation and evaporation of water. During inhalation, the mucus layer is cooled down as water evaporates from it to humidify the air stream. Since the evaporation rate is largest near the distal extremity of the nose, the mucus layer at this location has the largest temperature drop during inhalation (~1.9 K). During exhalation, water condenses from the air stream to the mucus layer that has been cooled down during inhalation. This increases the temperature of the mucus, as it receives the latent heat released during condensation of water.
The temperature profiles of the interstitial tissues and of the blood flowing in vessels do not change considerably over the breathing cycle (<0.5 K). We have therefore reported the temperature profiles of these subsystems only in Figure 5(a) . The reason for the moderate change in these temperatures is that the interstitial tissues have a large total heat capacity. Since the blood interacts mainly with the interstitial tissues (see Figure 2) , the temperature change of the blood will also be delayed. Moreover, the difference between the blood temperature in arteries and veins (red and blue lines) and the interstitial tissue temperature (magenta lines) is very small, indicating that the heat exchange between these subsystems is very fast. This is in agreement with the findings in several other works [35, 36] , where small vessels such as arterioles and venules are found to be almost in thermal equilibrium with the tissues they run through. A comparison between the results obtained with System A (solid lines) and those obtained with System B (dashed lines) shows that the exhaled air temperature and the temperature of the air entering the lungs are very similar for the two cases. Since the total contact areas between the subsystems are the same for System A and System B, we expect no major differences in the total amount of heat exchanged between the subsystems. The maximum difference between the exhaled air temperature obtained with the two different systems at the same times of the breathing cycle is~2 K. The different geometrical configuration of the systems has mainly an influence on the temperature profiles. Figure 5 shows that the temperatures of all five subsystems in the distal part of the nose are on average lower in System A than in System B, while the opposite happens in the other part of the nose.
Since many assumptions have been made in developing the model of the reindeer nose, it is important to compare to experimental data to assess the accuracy of the model. Johnsen et al. [22] reported the temperature of the nasal mucosa at different locations inside the nose of a breathing reindeer at different ambient air temperatures. Figure 6 compares the experimental measurements with the results from the model of the reindeer nose (System A) under the same ambient conditions. Since the experimental temperatures are available just as average values over the breathing cycle, we define the average temperature as the integral in time of the temperature over a breathing cycle divided by the total time of the breathing cycle. Figure 6 shows that some discrepancies exist between the two profiles, and temperatures from the model are in general lower than those from the experimental results. Nonetheless, the experimental temperature trend is predicted reasonably well by the model. Some expected differences are caused by the fact that the model parameters are based on a different animal than the one studied by Johnsen et al. [22] . However, several other factors concur to the differences between the theoretical and the experimental profiles. First of all, in the modeling of the vascular system, we are accounting only for the larger blood vessels, such as arteries and veins, while smaller vessels (e. g. capillaries) are not considered. A previous study [37] showed that blood vessels with a diameter smaller than 25 μm have a fundamental role in the nasal microcirculation. Moreover, since no experimental data for the total blood flow in the reindeer nose are available, we have assumed a blood flow which gives blood velocities within realistic physiological limits for reindeer. Accounting for the smaller vessels would therefore result in a larger blood flow through the nose, with the same blood velocity. Since the blood flow is responsible for providing heat to the nose, a higher blood flow would cause a higher average temperature of all subsystems. An additional explanation of the deviation from experimental data can be attributed to the fact that the tissues next to the nasal orifice are most likely perfused by independent blood vessels [22] in order to prevent the tissues from freezing under very low ambient temperature. The experimental data in Figure 6 support this explanation, since the temperature of the mucosa next to the distal extremity of the nose is higher than the temperature of the tissue in the central section of the nose.
This phenomenon cannot be explained without introducing independent vessels perfusing the distal part of the nose. In the present work, we do not account for such vessels. Nonetheless, Figure 6 shows that the model presented in this work is capable of capturing the trend in the experimental data well. A model with increased complexity is necessary to account for the rise in temperature at the distal extremity of the nose.
Experimental data on the average exhaled air temperature are also available [22] . Table 2 compares the experimental measurements with the results from the model. The average temperature is here calculated as the integral in time of the product of the exhaled air temperature and the exhaled air mass flow divided by the integral of the exhaled air mass flow. The computed temperatures of the exhaled air are lower than those from the experiments. Also here, the reason for this is that the rise in temperature of the interstitial tissue in proximity of the nasal orifice is not accounted for in the present model. Á . The solid line shows the results for System A, while the dashed line represents System B. The water mass fraction in the air at the distal extremity of the nose equals the ambient water mass fraction, since air is inhaled. The difference in the water content of the inhaled air between System A and System B at the proximal extremity of the nose (where the air is about to enter the trachea) is almost negligible. As we have seen in Figure 5 , the different geometrical configuration of the systems influences mainly the temperature profiles. Figure 7 shows that the water content of the air in the part of the nose closer to the distal extremity is on average lower in System A than in System B, while the opposite happens in the other part of the nose. An analogous behavior was observed for the temperature profiles. During exhalation (not reported here), the air that comes from the lungs enters the nose at the proximal extremity of the nose (z = L) as saturated air at body temperature. During exhalation, the water content of the air that leaves the nose is higher than the one of the inhaled air, meaning that not all the water that is added during inhalation is recovered upon exhalation. Table 2 : Comparison between the computed averaged temperature of the exhaled air obtained with System A, T ex, comp , and the exhaled air temperature from experimental measurements, T ex, exp [22] . 
Water content of the air
T amb (K) T ex, comp (K) T ex, exp (K)      
Heat and water recovery
Heat and water are added to the air in the nasal cavity during inhalation and are recovered from the air during exhalation. Table 3 reports the percentage of the added heat and water that is recovered with System A and System B. Since the overall surface through which heat and mass are exchanged is the same for the two systems, the results in Table 3 show no major differences between the heat and water recovered with the two different structures. However, the more complicated geometrical structure of the reindeer nose allows for a slightly better recovery of heat and water at lower temperatures, while it is less efficient at higher temperatures. The recovery of both heat and water increases with decreasing temperature, as the temperature (and therefore the water content) of the exhaled air is lower. Moreover, at lower ambient temperatures, the amount of heat and water that is provided to the air stream during inhalation increases. For both System A and System B, the high recovery of water is correlated to the low temperature of the exhaled air. At this ambient temperature, the absolute humidity of the saturated air is also very low, making the percentage of recovered water very high. In Section 5.2, we saw that the calculated temperature of the exhaled air is lower than the one measured experimentally. Higher exhaled air temperatures would cause a reduction in the fraction of water that is recovered upon exhalation. For instance at T amb = 243 K, with the temperature of the exhaled air equal to 287 K (see Table 2 ), only 71 % of water would be recovered.
Calculations of water and heat lost upon exhalation for reindeer are available in the work by Blix and Johnsen [6] . Table 4 compares these calculations with the results from our model. In Ref. [6] , the respiratory minute volume was not constant for varying ambient temperature. Therefore, in this set of calculations we consider the respiratory minute volume to be a function of the ambient temperature in order to be able to compare the experimental results and the model. Table 4 shows that the heat and water losses from the model are systematically lower than those reported in Ref. [6] . Again, this discrepancy can be attributed to the temperature of the exhaled air, which is much lower in the model compared to the experimental results. For instance, with an exhaled air temperature of 287 K (see Table 2 ) at T amb = 243 K, the heat and water losses resulting from our calculations would be respectively 426 J/min and 56 mg/min, which are the values that are satisfactory in agreement with the results from Ref. [6] . 
Entropy production and total energy consumption
Even though there are no major differences in the heat and water recovery between System A and System B, the entropy production of the two configurations is very different. Figure 8 depicts the local entropy production that takes place during a breathing cycle, in System A (solid line) and in System B (dashed line). Most of the entropy is produced during inhalation (not shown). When cold air enters the distal extremity of the nose, there are large thermodynamic driving forces for heat and mass transfer between the air stream and the mucus layer. This causes the local entropy production to be very high at this location, as depicted in Figure 8 . However, as we have seen in Figure 3 the cross-sectional perimeter in System A is smaller at this location than in the central part of the nasal cavity, where driving forces and fluxes become smaller. According to eq. (30), this causes the local entropy production of each cross section to be more uniform in System A than the entropy production of System B, where the entropy production at this location is almost one order of magnitude larger than in the remaining part of the system.
In recent years, a hypothesis was formulated, stating that a system with minimum total entropy production (or dissipated energy) is a system with uniform distribution of entropy production over the system's extension in space and time [14, 16] . A previous study of the human lungs showed that during respiration, the lungs are characterized by a uniform local entropy production in the bronchial tree [38] , suggesting that the principle of uniform entropy production might also guide the evolution of biological systems. In agreement with this hypothesis, our results show that the structure of the reindeer nose could have evolved to give a more uniform entropy production, compared to a simpler geometry, to enhance the energy efficiency. This is further supported by Table 5 , which reports the total entropy production per cycle, obtained through a spatial integration of the local entropy production, σ A, cycle . For all the investigated ambient temperatures in Table 5 , the total entropy production is always lower in System A than in System B. The reduction in the total entropy production is largest at low ambient temperatures. With an ambient temperature of 243 K, System A produces 20 % less entropy than System B. The geometry of the reindeer nose therefore appears to be designed to be extra energy efficient at very low ambient temperatures. This suggests that natural selection has favored designs that give uniform entropy production when energy efficiency is an issue, presumably because this is beneficial for the survival of the animal.
Indeed, less entropy production is directly related to a lower consumption of the animal's energy during the respiration process. In Section 5.4, the heat and water recovered from the exhaled air were the only parameters considered as a measure of the efficiency of respiration, and they were calculated with the same approximated method used in Ref. [6] in order to make the results comparable. A more comprehensive energy balance over all nasal subsystems (eq. (29)) shows that System A uses less of the total available energy of the animal during a respiration cycle. At the lowest temperature (243 K), System A requires ⁓0.9 J/cycle of the body energy of the animal less than System B (Table 6 ). Since the consumed energy needs to be supplied to the animal in the form of food, a lower consumption of energy gives the animal a better chance of surviving with scarce food/energy conditions. The geometrical design of the reindeer nose, or of other animals that must survive in the harsh arctic climate, may serve as an inspiration to design the geometry of more energy-efficient equipment in industry or in the society.
Conclusion
We have presented a detailed dynamic model to describe the transport of heat and mass that takes place inside the nose of an arctic reindeer during respiration. The dynamic model correctly captures the trend in published experimental data for the temperature, heat and water recovery in the reindeer nose during respiration. As a reference case, we modeled a nose with a simple cylindrical-like geometry, where the total volume and contact area were the same as in the reindeer nose. We found that the complicated geometry of the reindeer nose did not offer significant advantages compared to the reference case for conserving the heat and the water in the air. This was expected, since the total contact area and volume were the same. However, the complicated geometry of the reindeer nose had a large influence on the temperature profiles of the air flowing through the nose during respiration.
For all investigated cases, the total entropy production of a breathing cycle was smaller for the reindeer nose than for the reference case. The same trend could be observed for the total energy consumption of the animal. This means that the complex geometry of the reindeer nose increases its energy efficiency. The reduction in the total entropy production was largest at the lowest ambient temperatures. At an ambient temperature of 243 K, the reindeer nose produced 20 % less entropy than the reference case. The geometry of the reindeer nose therefore appears to be more important at lower ambient temperatures when energy efficiency is more critical for the survival of the animal. In the literature, an hypothesis has been proposed, stating that the most energy efficient design of a system is characterized by equipartition of the entropy production. In agreement with this hypothesis, we found that the local entropy production during a breathing cycle was significantly more uniform for the reindeer nose than for the reference case. This suggests that natural selection may have favored constructions with uniform entropy production when energy efficiency is an issue. The geometry of the reindeer nose increases the energy efficiency of the respiration cycle, and thereby reduces the energy requirements of reindeer in the harsh arctic climate. The geometry of the reindeer nose can thus serve as inspiration for designing energy-efficient equipment where simultaneous heat and mass transfer occurs, such as air ventilation systems in buildings.
